We consider one type of weakly-irreducible not irreducible subalgebras of so(2, n + 2).
Introduction
The classification of connected holonomy groups for Riemannian manifolds is well known, see [4] or [15] for the history. For general pseudo-Riemannian manifolds the corresponding problem is completely solved only for the Lorentzian case, this was done recently, see [3, 17, 18, 19, 6] .
The Wu theorem (see [21] ) reduces the classification problem for connected holonomy groups of pseudo-Riemannian manifolds to the classification of connected weakly-irreducible holonomy groups, i.e. groups that do not preserve any nondegenerate proper subspace of the tangent space. In [5] M. Berger gave a list of possible connected irreducible holonomy groups for pseudoRiemannian manifolds. Thus we are left with connected weakly-irreducible not irreducible groups. Such Lie subgroups G ⊂ SO(1, n + 1) were classified and divided into 4 types by L. Berard Bergery and A. Ikemakhen in [3] , where to each G was associated a connected Lie subgroup H ⊂ SO(n), see also [11] . In [17, 18, 19] T. Leistner proved that the subgroup H ⊂ SO(n) associated to the holonomy group of a Lorentzian manifold must be the holonomy group of a Riemannian manifold. In [6] C. Boubel found a way to construct metrics for groups of each type with the given connected holonomy group of a Riemannian manifold as the orthogonal part.
There are some partial results for holonomy groups of pseudo-Riemannian manifolds of signature (2, n+2) . In 1998 A. Ikemakhen classified connected weakly-irreducible subgroups of SO(2, n+ 2) that preserve an isotropic plane and satisfy an additional condition, see [14] . To each such group was associated a connected subgroup H ⊂ SO(n). In [12] for even n were classified connected weakly-irreducible not irreducible subgroups of SU(1, n 2 + 1) ⊂ SO(2, n + 2) and to each such group was associated a connected subgroup H ⊂ U( n 2 ) ⊂ SO(n). The question is which subgroups H ⊂ SO(n) can be associated to the holonomy groups? In [14] were constructed some examples of metrics, in particular it was shown that the subgroup H ⊂ SO(n) associated to the holonomy group has not to be the holonomy group of a Riemannian manifold. This shows the principal difference between our case and the case of Lorentzian manifolds.
Since we consider only connected subgroups of SO(2, n + 2), we can do everything in terms of its Lie algebras. In the present paper we consider one type of weakly-irreducible not irreducible subalgebras of so(2, n+2). Each Lie algebra g h of this type is uniquely defined by the associated subalgebra h ⊂ so(n). For any h ⊂ so(n) we construct a metric on R n+4 and show that g h is the holonomy algebra of this metric at the origin, i.e. any Lie algebra g h can be realized as the holonomy algebra of a pseudo-Riemannian manifold of signature (2, n + 2).
In another paper we will construct analogous metrics for the Lie groups considered in [12] .
I am grateful to Helga Baum and M.V. Losik for remarks on this paper.
Main theorem
Let R 2,n+2 be an n + 4-dimensional real vector space endowed with a symmetric bilinear form η of signature (2, n + 2). We fix a basis p 1 , p 2 , e 1 , ..., e n , q 1 , q 2 of R 
where E n is the n-dimensional identity matrix.
Let so(2, n + 2) <p 1 ,p 2 > ⊂ so(2, n + 2) be the subalgebra that preserves the isotropic plane span{p 1 , p 2 }. The Lie algebra so(2, n + 2) <p 1 ,p 2 > can be identified with the following matrix algebra,
This gives us a decomposition of so(2, n + 2) <p 1 ,p 2 > into the direct sum of the vector subspaces.
We will denote by pr so(n) the projection map onto so(n) with respect to this decomposition.
For any subalgebra h ⊂ so(n) define the Lie algebra
It is easy to see that the subalgebra g h ⊂ so(2, n+2) <p 1 ,p 2 > is weakly-irreducible. The subalgebra Proof. For any h ⊂ so(n) we will construct a metric in the neighborhood of the origin 0 ∈ R 2,n+2 and will show that the holonomy algebra of this metric at the point 0 is exactly g We will always assume that the indices a, b, c, d, f run from 1 to n + 4, the indicesî,ĵ,k,l run from 3 to n + 2, and the indices α, β, γ run from 1 to N. We will use the Einstein rule for sums. In particular, let C 1 ,...,C max{n+4,N } and D 1 ,...,D max{n+4,N } be some numbers
Define the numbers Bˆî jα by the condition
Let (x a ) be the canonical coordinates on R n+4 . Consider the following metric on R
Since g 0 = η, we identify the tangent space to R n+4 at 0 with the vector space R 2,n+2 .
Denote by hol 0 the holonomy algebra of this metric at the point 0 ∈ R n+4 . We wont to prove
Since the coefficients of the metric are polynomial functions, the Levi-Civita connection given by g is analytic and the Lie algebra hol 0 is generated by the operators
where
.. are vector fields in a neighborhood of the point 0.
One can compute the following Christoffel symbols
Γˆi n+3 n+3 = Γˆi n+4 n+4 = −xˆi. 
Lemma 1 We have
and we have two equalities analogous to the second one.
Proof. Proof of the lemma follows from (4), (5), (8) and (9). Proof. Proof of the lemma follows from (5) and from the fact that the coefficients of the metric do not depend on x 1 and x 2 .
Since the coefficients of the metric do not depend on x n+4 , we have Proof. We prove the lemma by induction over r.
Let r = 0. We have
From (1) and (7) it follows that Rˆiĵ bc;k = 0, this proves part (ii) for r = 0. Part (i) for r = 0 follows from (7) . Now fix s > 0 and assume that the theorem is true for all r < s. We must prove the theorem for r = s. From the induction hypothesis for parts (ii) and (iii) it follows that Rˆiĵ bc;f 1 ;...;f r−1 = 0, if at least one of the numbers f 1 ,...,f r−1 belongs to the interval [3, ..., n + 2]. From this, (7), (3), (2) and (13) it follows that Rˆiĵ bc;f 1 ;...;f r−1 ;k = 0,
Rˆiĵ bc;f 1 ;...;f r−1 ;n+3 = ∂Rˆiĵ bc;f 1 ;...;f r−1
Rˆiĵ bc;f 1 ;...;f r−1 ;n+4 = Γˆi n+4l Rlĵ bc;f 1 ;...;f r−1 − Γl n+4ĵ Rˆil bc;f 1 ;...;f r−1 (16) Now the proof of the lemma is obvious.
We see now that
if Rˆiĵ bc;f 1 ;...;fr = 0, then b, c, f 1 , ..., f r ∈ {n + 3, n + 4} and b = c.
We also see that
Rˆiĵ n+3 n+4;f 1 ;...;f r−1 ;n+3 = ∂Rˆiĵ n+3 n+4;f 1 ;...;f r−1
Rˆiĵ n+3 n+4;f 1 ;...;f r−1 ;n+4 = Γˆi n+4l Rlĵ n+3 n+4;f 1 ;...;f r−1 − Γl n+4ĵ Rˆil n+3 n+4;f 1 ;...;f r−1 .
From this and (7) it follows that pr so(n) (∇ r−1 R( ∂ ∂x n+3 , ∂ ∂x n+4 ; ∂ ∂x n+3 ; · · · ; ∂ ∂x n+3 r − 1 times
From (11), (10), (12) and (20) it follows that g h ⊂ hol 0 .
Lemma 4 hol 0 ⊂ g h .
